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1. Introduction
In this note, we address the following question: Can a finite group have two different
irreducible characters that agree on all elements of prime-power order? The answer is
“yes”, although it seems that this does not occur very often. For example, the group
PSL(2,23) has a pair of irreducible characters of degree 22 whose values differ only on
elements of order 12. Also, the alternating group A15 has a pair of irreducible characters
of degree 1716 that agree except on elements of order 15.
Here, we are more interested in solvable groups, but even in this case, examples exist.
For instance, the two faithful irreducible characters of the dihedral group of order 24
coincide except on elements of order 12. Notice that each of these two characters of D24
is imprimitive, which, we recall, means that they are induced from characters of proper
subgroups. According to the following theorem, this imprimitivity is not an accident.
Theorem A. Suppose that G is a finite solvable group and let χ and ψ be irreducible
characters of G that agree on all elements of prime-power order. If one of χ or ψ is
primitive, then χ =ψ .
Our proof of Theorem A is an application of the theory of factored characters. The
argument relies on the fact that a primitive character of a solvable group is fully factored,
which means that it is a product of p-special characters for various distinct primes p. This
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weaker hypothesis “fully factored”. We obtain the following result in this direction.
Theorem B. Suppose that G is solvable and let χ and ψ be irreducible characters of G
that agree on all elements of prime-power order. If both χ and ψ are fully factored, then
χ =ψ .
If we could drop the hypothesis in Theorem B that ψ is fully factored, we would have
a common generalization of Theorems A and B. Unfortunately, we have unable to achieve
this except for groups of odd order.
Theorem C. Suppose that G is solvable of odd order and let χ and ψ be irreducible
characters of G that agree on all elements of prime-power order. If one of χ or ψ is fully
factored, then χ =ψ .
A related result is the following characterization of p-special characters for groups of
odd order.
Theorem D. Let χ ∈ Irr(G), where G is solvable of odd order. Then χ is p-special if and
only if χ(1) is a power of p and χ has real values on all elements of q-power order in G
for all primes q = p.
Finally, we present a consequence of Theorem A that was noticed by A. Moretó.
Corollary E. Suppose that χ is a fully factored character of a solvable group G. Then the
field of values Q(χ) is generated by the values of χ on the prime-power-order elements
of G.
2. Review of factorization theory
Suppose that G is a π -separable group, where π is a set of primes. In [1],
D. Gajendragadkar defined the subset Xπ(G) ⊆ Irr(G) and we refer to the members of
this set as the “π -special” characters of G. (If π = {p} consists of a single prime, we omit
the braces and write “p-special”.) We mention that Gajendragadkar’s definition guarantees
that each π -special character has π -degree, but there is no need to give the full definition
here.
One of Gajendragadkar’s principal results is that if α,β ∈ Irr(G) are respectively
π -special and π ′-special, then χ = αβ is irreducible and χ uniquely determines the
factors α and β . In fact, it is easy to see that, if α is π -special and β is σ -special, where π
and σ are disjoint sets of primes and G is both π -separable and σ -separable, then not only
is αβ irreducible, it is actually (π ∪ σ)-special.
Now assume that G is solvable, so that it is π -separable for every set π of primes.
Suppose that for each prime p dividing |G|, we choose a p-special character αp ∈ Irr(G).
(Note that this is always possible since the principal character of G is p-special for every
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is irreducible, and we refer to χ as a fully factored character of G. In this situation,
χ uniquely determines each of the factors αp and we refer to αp as the p-special factor
of the fully factored character χ . Occasionally, we will write χp to denote the p-special
factor of χ .
It was shown in [2] that if G is π -separable and χ ∈ Irr(G) is primitive, then it is
possible to write χ = αβ , where α is π -special and β is π ′-special. In this situation, it is
easy to see that each of the factors α and β is primitive, and so if G is solvable, we can use
this argument repeatedly to prove the fact mentioned in the introduction: Every primitive
character of G is fully factored.
We will need some basic facts about how π -special characters and factored characters
interact with normal subgroups. It is immediate from Gajendragadkar’s definition that
if α ∈ Irr(G) is π -special, where, of course, G is π -separable, then the irreducible
constituents of the restriction αN are π -special if N  G. A fact that we will need follows
easily from this: If N  G, where G is solvable and if χ ∈ Irr(G) is fully factored, then the
irreducible constituents of χN are fully factored characters of N . In fact, it is easy to see
that the p-special factor of χ lies over the p-special factor of every irreducible constituent
of χN .
Again suppose that N  G, where G is π -separable, and let β ∈ Irr(N) be π -special.
If G/N is a π -group, then every irreducible character of G that lies over N is π -special.
If we are in the opposite case, where G/N is a π ′-group, then if β is G-invariant, it is
extendible to G, and it has a unique π -special extension.
Gajendragadkar also showed that if G is π -separable and H ⊆G is a Hall π -subgroup,
then restriction defines an injection from the set of π -special characters of G into the
set of irreducible characters of H . Suppose now that α ∈ Irr(G) is π -special. If τ is an
automorphism of the cyclotomic field Q|G| and τ fixes all π -roots of unity, then clearly
τ fixes the character αH , and it follows from the injectivity of the restriction map that τ
fixes α, and thus α has values in Q|H |. As a consequence, we see that the α(x) must be
rational if x ∈G has π ′-order.
Finally, we mention a somewhat deeper property concerning restrictions of π -special
characters to π ′-subgroups.
Theorem 2.1. Let α ∈ Irr(G) be π -special, where |G| is odd. If K ⊆ G is a Hall
π ′-subgroup, then the principal character 1K is the unique irreducible constituent of αK
that occurs with odd multiplicity.
Proof. See Theorem D of [3]. ✷
3. Theorem A
We shall use the following standard fact.
Lemma 3.1. Suppose that χ ∈ Irr(G) has p′-degree, where p is a prime, and let x ∈G be
a p-element. Then χ(x) = 0.
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prime number p. Since R/I is a field of characteristic p, it follows that  ≡ 1 mod I for
every p-power root of unity . Since x is a p-element, we see that χ(x) is a sum of χ(1)
roots of unity, each of which has p-power order, and thus χ(x)≡ χ(1) mod I . If χ(x)= 0,
it follows that χ(1) ∈ I ∩Z= pZ, which is not the case by assumption. ✷
We can now prove Theorem A of the introduction, which we restate here.
Theorem 3.2. Suppose that G is solvable and let χ and ψ be irreducible characters of G
that agree on all elements of prime-power order. If one of χ or ψ is primitive, then χ =ψ .
Proof. We assume that χ is primitive. By hypothesis, χ(1)=ψ(1), and so we can choose
N  G maximal with the property that χN =ψN . We want to show that N =G, and so we
assume that N <G and we let M/N be a chief factor of G, so that M/N is a p-group for
some prime p.
Let ϕ be an irreducible constituent of χM . Since χ is primitive, we can write χ = αβ ,
where α is p-special and β is p′-special. The irreducible constituents of αM and βM are
respectively p-special and p′-special, thus we can write ϕ = µν, where µ lies under α
and is p-special and ν lies under β and is p′-special. Since ν is p′-special and M/N is
a p-group, it follows that νN is irreducible and we choose an irreducible constituent σ
of µN . Observe that σ is p-special and νN is p′-special, and thus σνN is an irreducible
constituent of χN =ψN .
Let θ be an irreducible constituent of ψM that lies over σνN . Then θ is an irreducible
constituent of (σνN)M = σMν. Since σ is p-special and M/N is a p-group, we know
that all irreducible constituents of σM are p-special, and we conclude that θ = δν, where
δ ∈ Irr(N) is p-special.
So far, we have used the fact that χ factors as the product of a p-special character and a
p′-special character, but we have not really used the assumption that χ is primitive. We use
that assumption now to conclude that χM = eϕ for some integer e. (We are appealing to
Corollary 6.12 of [4].) In particular, ϕ is G-invariant, and since ϕ uniquely determines ν,
it follows that ν is G-invariant.
Since θ = δν and ν is G-invariant, we see that each G-conjugate of θ has the form δiν,
where δi ∈ Irr(M) is G-conjugate to δ and hence is p-special. We conclude that we can
write ψM =∑i δiν, where we are not assuming that the p-special characters δi of M are
distinct. Also, we recall that χM = eϕ = eµν.
Now let P ∈ Sylp(M) and note that by hypothesis, we have
eµP νP = χP =ψP =
(∑
i
(δi)P
)
νP .
Since ν is p′-special, it has p′-degree, and thus by Lemma 3.1, the values of νP are all
nonzero. We can thus cancel νP from this equation and we deduce that eµP =∑i (δi)P .
But P ∈ Sylp(M), and thus restriction to P defines an injection from the set of p-special
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that eµ=∑i δi , and thus
χM = eµν =
(∑
i
δi
)
ν =ψM.
But M >N , and so this contradicts the definition of N and the proof is complete. ✷
4. Theorem B
We begin work now toward proving Theorem B.
Lemma 4.1. Let α,β ∈ Irr(P ), where P is a p-group, and assume α = β but that
α(1) = β(1). Then there exists x ∈ P such that β(x) = 0 and β(x) = α(x), where  is
a primitive pth root of unity.
Proof. By hypothesis, α(1) = β(1), and so we can choose N  P maximal with the
property that αN = βN . Since α = β , we have N < P , and thus we can choose a chief
factor M/N of P . Since αM = βM and α(1) = β(1), it follows that α and β lie over
different P -orbits of irreducible characters of M , and thus αM and βM have no common
irreducible constituent.
Since α and β differ on some element of M −N , we see that it cannot be the case that
both α and β vanish on all of M −N . We can assume, therefore, that α fails to vanish on
M −N , and thus αM has an irreducible constituent σ that does not vanish on M −N . But
|M/N | = p is prime, and so we can conclude that σN is irreducible, and in particular it
is an irreducible constituent of αN = βN . It follows that βM has an irreducible constituent
τ that lies over σN . Since σN is invariant in M and |M/N | is prime, we conclude that
τN = σN , and thus τ = λσ for some linear character λ of M/N . (We are using Gallagher’s
theorem here, which appears as Corollary 6.17 of [4].) Also, since we know that αM and
βM have no common irreducible constituents, it follows that σ = τ , and thus λ is not the
principal character.
Now M/N ⊆ Z(P/N), and hence λ is P -invariant. It follows from this that if x ∈ P ,
then τx = λσx , and thus multiplication by λ carries the distinct characters in the P -orbit
of σ onto the distinct characters in the P -orbit of τ . In particular, the orbit sums of σ and
τ have equal degrees. Now αM is a multiple of the sum of the characters in the P -orbit
of σ and βM is a multiple of the orbit sum of τ and since α(1)= β(1), it follows that the
coefficients are equal, and thus βM = λαM . Now choose x to be any element of M − N
such that α(x) = 0. Then λ(x) is a primitive pth root of unity and β(x)= λ(x)α(x), as
wanted. ✷
Note that a similar argument can be used to prove a somewhat more general result: If α
and β are any two distinct irreducible characters of a p-group P , then there exists x ∈ P
where β(x) = 0 and α(x)/β(x)= α(1)/β(1), where  is a primitive pth root of unity.
We can now prove Theorem B, which we restate here.
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that agree on all elements of prime-power order. If both χ and ψ are fully factored, then
χ =ψ .
Proof. Let P ∈ Sylp(G), where p = 2, and write χ = α1β1 and ψ = α2β2, where the
αi are p-special and the βi are p′-special. Then (αi)P is irreducible. Also, these two
characters have equal degrees since α1(1) is the p-part of χ(1) and α2(1) is the p-part of
ψ(1) and we know that χ(1)= ψ(1). If α1 = α2, then their restrictions to P are unequal,
and thus by Lemma 4.1, there exists x ∈ P such that α1(x)= α2(x), where the character
values are nonzero and  is a primitive pth root of unity.
Since χ(x)= ψ(x), we have α1(x)β1(x)= α2(x)β2(x), and thus β1(x)= β2(x). But
β1(x) and β2(x) are rational numbers since the βi are p′-special and x is a p-element,
and furthermore, β1(x) = 0 by Lemma 3.1. It follows that  = β2(x)/β1(x) is rational, and
this is a contradiction since  is a primitive pth root of unity and p = 2. We conclude that
α1 = α2.
We see now that for all odd primes p, the p-special factors of χ and ψ are equal,
and thus we can write χ = µ1ν and ψ = µ2ν, where the µi are 2-special and ν is
2′-special. Now if x is any 2-element, we have µ1(x)ν(x)= χ(x)= ψ(x) = µ2(x)ν(x).
Also, ν(x) = 0 by Lemma 3.1, and so it follows that µ1(x) = µ2(x) for all 2-elements
x ∈G. Thus (µ1)S = (µ2)S , where S ∈ Syl2(G). But the µi are 2-special and restriction
to a Sylow 2-subgroup is an injective map on 2-special characters, and thus µ1 = µ2. We
conclude that χ =ψ , as wanted. ✷
It is now easy to prove Corollary E, which we restate.
Corollary 4.3. Suppose that χ is a fully factored character of a solvable group G. Then the
field of values Q(χ) is generated by the values of χ on prime-power-order elements of G.
Proof. Since Q(χ) is a Galois extension of Q, it suffices to show that the identity is the
only automorphism of the field Q(χ) that fixes all of the numbers χ(x) as x runs over
elements of prime-power order in G. Let σ be such an automorphism and note that χ and
χσ are fully factored irreducible characters of G that agree on all elements of prime-power
order. By Theorem 4.2, χ = χσ , and thus σ fixes every element of Q(χ). This completes
the proof. ✷
5. Odd order groups
Let N  G, where N is solvable, and suppose that α,β ∈ Irr(N) are both fully factored.
We say that α and β are weakly conjugate in G if for every prime p, the p-special factors
αp and βp of α and β are G-conjugate. Note that if N =G, then the only way that α and β
can be weakly conjugate is to have α = β . Also, observe that weak conjugacy is a transitive
relation and that if α and β are actually conjugate in G, then they are automatically weakly
conjugate. To see why this last observation is valid, note that if β = αg for some element
g ∈G, then βp = (αp)g since α and β uniquely determine αp and βp.
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Theorem 5.1. Suppose that G is solvable of odd order and let χ and ψ be irreducible
characters of G that agree on all elements of prime-power order. If one of χ or ψ is fully
factored, then χ =ψ .
Proof. We can assume that χ is fully factored, and thus for every subgroup N  G, the
irreducible constituents of χN are fully factored. Choose N maximal with the property that
the irreducible constituents of ψN are fully factored and are weakly conjugate in G to the
irreducible constituents of χN . (Note that if some irreducible constituent of χN is weakly
conjugate to some irreducible constituent of ψN , then all irreducible constituents of χN are
weakly conjugate to all irreducible constituents of ψN .)
It clearly suffices to show that N = G, and so we assume that N < G and work to
deduce a contradiction. Fix a chief factor M/N of G and let p be the prime divisor
of |M/N |. Let q = p be prime and let γ be the q-special factor of some irreducible
constituent θ of χN . Since the irreducible constituents of χM are fully factored and one
of them lies over θ , it follows that there is a q-special character η of M that lies over γ ,
and thus ηN = γ since q does not divide |M/N |. In particular, γ extends to M .
Since θ is weakly conjugate to the irreducible constituents of ψN , it follows that γ is
also the q-special factor of some irreducible constituent ϕ of ψN . Since γ extends to M ,
we deduce that the q-special factor of every irreducible constituent of ψN extends to M .
This, of course, is valid for every prime q = p.
Let δν be an irreducible constituent of ψN , where δ is p-special and ν is p′-special. We
can factor ν into q-special characters for primes q = p, and since each of these extends
to M , it follows that ν extends to M also, and we see that ν has a fully factored p′-special
extension τ ∈ Irr(M). Furthermore, for each prime q = p, the q-special factor of τ is the
unique q-special extension to M of the q-special factor of ν.
Now (δν)M = δMτ and every irreducible constituent of δM is p-special since δ is
p-special and M/N is a p-group. We conclude that each irreducible character of M that
lies over δν factors as βτ , where β is p-special. In particular, the irreducible constituents
of ψM have this form, and thus they are fully factored.
Let ασ be any irreducible constituent of χM and let βτ be any irreducible constituent
of ψM , where α and β are p-special and σ and τ are fully factored p′-special characters.
If q is any prime different from p, we know that the q-special factors of σ and of τ are
the unique q-special extensions to M of the q-special factors of irreducible constituents
of χN and ψN . These characters of N are G-conjugate by the choice of N , and it follows
that their unique q-special extensions to M are G-conjugate. In other words, for all primes
q = p, the q-special factors of ασ and of βτ are G-conjugate.
We will show next that the p-special factors α and β of ασ and βτ are G-conjugate,
and thus the characters ασ and βτ are weakly conjugate in G. But M > N , and so this
contradicts the choice of N , and this contradiction will complete the proof of the theorem.
Let P ∈ Sylp(M) and recall that the principal character 1P is the unique irreducible
constituent with odd multiplicity in σP . (This follows from Theorem 2.1 since σ is
p′-special and G has odd order.) Also, since α is p-special, we know that αP is irreducible,
and it follows that αP is the unique odd-multiplicity irreducible constituent of (ασ)P .
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x ∈ G. But the characters (ασ)x are exactly the irreducible constituents of χM , and we
conclude that if ξ is any irreducible constituent of χP that occurs with odd multiplicity,
then ξ = (αx)P for some element x ∈ G. Furthermore, there really does exist an odd-
multiplicity irreducible constituent ξ of χP since χ has odd degree.
Now χP =ψP , and thus ξ is also a constituent of ψP with odd multiplicity. Reasoning
exactly as in the previous paragraph, with β in place of α and τ in place of σ , we see
that we must have ξ = (βy)P for some element y ∈ G. Since αx and βy are p-special
characters of M and have equal restrictions to P ∈ Sylp(M), it follows that αx = βy , and
thus α and β are G-conjugate. As we have seen, this yields the desired contradiction, and
the proof is complete. ✷
Suppose that G has odd order, as in the previous theorem, and let χ,ψ ∈ Irr(G). If ψ
is p-special, then it is certainly fully factored, and thus by Theorem 5.1, we know that
if χS = ψS for every Sylow subgroup S of G, we have χ = ψ , and thus χ is p-special.
This suggests that in groups of odd order, it should be possible to determine whether or
not an irreducible character χ is p-special by considering the restrictions χS for Sylow
subgroups S of G.
Recall that if χ ∈ Irr(G) is p-special, then χ(x) is rational valued for elements x ∈G
of order not divisible by p. Also, of course, χ(1) is a power of p. If |G| is odd, these
properties characterize p-special characters, and in fact more is true. The following result
is Theorem D of the introduction.
Theorem 5.2. Let χ ∈ Irr(G), where G is solvable of odd order. Then χ is p-special if and
only if χ(1) is a power of p and χ has real values on all elements of q-power order in G
for all primes q = p.
Proof. We have already observed that the condition is necessary, and so we assume that
χ(1) is a power of p and that χ(x) is real whenever x ∈G has q-power order, where q
is a prime different from p. We must show that χ is p-special, and so we choose N  G,
maximal with the property that the irreducible constituents of χN are p-special, and we
work to show that N =G.
Assume that N <G and let M/N be a chief factor of G. By the choice of N , therefore,
we know that none of the irreducible constituents of χM is p-special. Since the irreducible
constituents of χN are p-special, however, it follows that M/N is not a p-group, and thus
M/N is a q-group, where q is a prime different from p.
LetQ ∈ Sylq(M) and note that by hypothesis, χQ is real valued and has odd degree, and
thus χQ has a real irreducible constituent occurring with odd multiplicity. Since |Q| is odd,
the only real valued irreducible character of Q is the principal character, and we conclude
that [χQ,1Q] is odd. It follows that [θQ,1Q] is odd for some irreducible constituent θ
of χM .
Since χ(1) is a power of p, we see that θ(1) is also a power of p. But p does not
divide |M/N |, and thus θN is irreducible. Writing ϕ = θN , we see that ϕ is an irreducible
constituent of χN , and thus ϕ is p-special by the choice of N . Furthermore, since ϕ extends
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by Gallagher’s theorem, we can write θ = λα, where λ is a linear character of M/N .
Since α is p-special and |G| is odd, Theorem 2.1 guarantees that we can write
αQ = 1Q + 2Ξ , where Ξ is some possibly reducible character of Q. Thus θQ = λQαQ =
λQ + 2λQΞ , and we see that λQ is the unique irreducible constituent of θQ that has odd
multiplicity. It follows that λQ = 1Q, and since M = NQ and N ⊆ kerλ, we conclude
that λ = 1M . We have now shown that θ = α is p-special, and this is a contradiction
since we know that the irreducible constituents of χM are not p-special. The proof is now
complete. ✷
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